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ON THE INVERSE MAPPING OF THE FORMAL 
SYMPLECTIC GROUPOID OF A DEFORMATION 
QUANTIZATION 

ALEXANDER V. KARABEGOV 

Abstract. To each natural star product on a Poisson manifold 
M we associate an antisymplectic involutive automorphism of the 
formal neighborhood of the zero section of the cotangent bundle 
of M. If M is symplectic, this mapping is shown to be the inverse 
mapping of the formal symplectic groupoid of the star product. 
The construction of the inverse mapping involves modular auto- 
morphisms of the star product. 



1. Introduction 

Symplectic groupoids are geometric objects of semiclassical origin. 
They were introduced independently by Karasev [12], Weinstein [17] 
and Zakrzewski [20]. Recently symplectic groupoids appeared in the 
context of deformation quantization in [3], [4], [5]. In [5] A. S. Cattaneo, 
B. Dherin, and G. Felder considered the formal integration problem 
for Poisson manifolds whose solution is given by a formal symplectic 
groupoid. They start with the zero Poisson structure on MJ 1 , the corre- 
sponding trivial symplectic groupoid T*M n , and a generating function 
of the Lagrangian product space of this groupoid. A formal symplec- 
tic groupoid is then defined in terms of a formal deformation of that 
trivial generating function. One of the main results of [5] is an explicit 
formula for the generating function that defines the formal symplectic 
groupoid related to Kontsevich star product. 

One can also take an equivalent approach to the definition of a formal 
symplectic groupoid. If E is a symplectic groupoid with the unit space 
r C E, one can consider the formal neighborhood (E, T) of T in E as 
a formal symplectic groupoid (the definition of a formal neighborhood 
is given in Section 3, see also the Appendix to [11]). The groupoid 
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operations and axioms have then their natural formal counterparts that 
can be used to state a definition of a formal symplectic groupoid. 

The simlest example of a symplectic groupoid is the pair symplectic 
groupoid M x M of a symplectic manifold M. Here M is a copy 
of M with the opposite symplectic structure. In [11] we related to 
any natural deformation quantization on a symplectic manifold M a 
canonical formal symplectic groupoid isomorphic to the formal pair 
symplectic groupoid (M x M, M^g), where M^ ag is the diagonal of 
MxM. The isomorphism was given via the source and target mappings 
of the formal symplectic groupoid of the deformation quantization. The 
construction of these mappings remains valid in the Poisson case. The 
results of [5] strongly suggest that one can relate a canonical formal 
symplectic groupoid to any natural star product on a Poisson manifold. 

In this Letter we give a construction of the inverse mapping of the 
formal symplectic groupoid associated to a natural deformation quan- 
tization on a symplectic manifold that still makes sense in the Poisson 
case. The construction uses modular automorphisms of the deforma- 
tion quantization in question. Modular automorphisms in deformation 
quantization were introduced in [16] in the framework of the Tomita- 
Takesaki theory where the construction of the automorphisms involves 
complex conjugation. Our construction is rather in the spirit of [18]. 
In particular, the coefficient at the first power of the formal parameter 
of a modular automorphism is a modular vector field. We also show 
that the modular automorphisms of a given star product determine a 
single outer automorphism of the star product which is an obstruction 
to the existence of a nonvanishing trace density of that star product. 

2. Transpositions of formal differential operators 

Denote by V the algebra of differential operators on a real manifold 
M and by T>[[u]] the algebra of formal differential operators on M. Let 
p be a nonvanishing smooth density on M. It determines the bilinear 
pairing 



J M 

of C°°(M) with the space of compactly supported smooth functions 
C£°(M). For a differential operator A on M one can define its formal 



for all u G C°°(M) and v G C C °°(M). We will call a formal 
density p = po + vp\ + . . . on M nonvanishing if p is nonvanishing. For 
a nonvanishing formal density p on M one can define a //-linear pairing 
(•, -) p of C°°(M)[[i/]] and C c °°(M)[[i/]] by the same formula (1) and the 



(1) 




transpose A l p 



G T> with respect 
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formal transpose A l p of a formal differential operator A G ^[H]- If 
p = <fip is another nonvanishing formal density on M (so that is 
an invertible formal function on M) then for u G C 00 (M)[[z/]], v G 
C C °°(M) [[*/]], and A G V[[u}} we have j Au ■ v p = f Au ■ v<f) p = ju- 
A p (4>v) p. On the other hand, J Au ■ v p = f u • A f -v p — J u • (\)A l -v p. 
Therefore 

(2) 4 = 

Deformation quantization on a Poisson manifold (M, {•, •}), as intro- 
duced in [1], is an associative algebra structure on the space of formal 
functions C°°(M)[[z/]]. Its product (named a star product) is given on 
f,ge C°°(M) by the formula 

oo 

(3) f*9 = Y,SC r (f,g), 

r=0 

where C r , r > 0, are bidifferential operators on M, C (f,g) = fg and 
Ci(/> g) — Ci(g, f) = {/, g}. We adopt the convention that the unit of a 
star-product is the unit constant. Two differentiate star-products *, *' 
on a Poisson manifold (M, {•,•}) are called equivalent if there exists an 
isomorphism of algebras B : (C°°(M)[[z/]], *) -> (C°°(M)[[i/]], *') of the 
form 5 = 1 + z/i?i + h> 2 B 2 + . . . , where B r , r > 1, are differential oper- 
ators on M. The existence and classification problem for deformation 
quantization was first solved in the non-degenerate (symplectic) case 
(see [6], [15], [8] for existence proofs and [9], [14], [7], [2], [19] for classi- 
fication) and then Kontsevich [13] showed that every Poisson manifold 
admits a deformation quantization and that the equivalence classes of 
deformation quantizations can be parameterized by the formal defor- 
mations of the Poisson structure. 

Let A = (C°°(M)[[u]\, *) be a deformation quantization on a Poisson 
manifold (M, {•, •}) and C,1Z C T>[[u]] be the algebras of operators of 
^multiplication from the left and from the right, respectively. For 
f,g G C°°(M)[[z/]] denote by Lf G C and R g G 1Z the operators of *- 
multiplication from the left by / and from the right by g, respectively, 
so that Lfg — f * g — R g f. The associativity of * is equivalent to the 
fact that [Lf,R g ] = for any formal functions /, g on M. It is well 
known that L and TZ are commutants of each other in X>[[i/]]. Introduce 
an operator J p G V[[u]] such that J p f = (R f Y p l. If / G C°°(M) then 
Rf = f (mod v), whence J p — 1 (mod u). Therefore J p is invertible 
and J' 1 = 1 (mod v). For u G C°°(M) and v G C C °°(M) we get 

(4) u*v p = R v up= / u-{R v ) t p lp= / u-J p vp. 

JM JM JM ' JM 
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Define an operator Q p G L)[[u]] by the formula Q p = (J Using 
formula (4) we obtain that 

(5) ( Q P u, vp =( { J;%J p u.J eVp =( V .J p u P =( V ,u P . 

JM JM JM JM 

It follows from (4) and (5) that p is a trace density of the star product * 
if and only if J p is formally symmetric, i.e., (J P ) P = J P , or, equivalently, 
Qp = (Jp^pJp — 1- Assume that p is another formal smooth trace 
density of * that is not necessarily nonvanishing. Then p = <pp for 
some formal function G C°°(M)[[z/]]. It turns out that all such trace 
densities are naturally parameterized by the elements of the center of 
the algebra A (the Casimir elements). For any p = <f>p, u G C°°(M), 
and v G C^°(M) we have from (4) that J u * v p = J u * v ■ <p p = 
f u * v * J~ l (j) P = / u ■ Jp( v * Jp 1 ^) P- On the other hand, using 
the fact that p is a trace density, we get f v * u p = f v * u ■ p = 
f v * u* Jp~V p = f u* Jp l 4> * v p = f u ■ Jpi^Jp 1 ^ * v) p. Thus p is a 
trace density of the star product * if and only if v*J~ 1 (p = J~ 1 (/)*v for 
any v G C^°(M), i.e., iff i\) = J~V is a Casimir function of *. Therefore 
the trace densities of the star product * are of the form ( J p ip) p, where 
ip is a Casimir function of *. 

Introduce a mapping K p G End £>[[//]] by the formula -Kp[A] = 
J^A^Jp, where A G V[[u]]. Then for any u G C°°(M), v G C C °°(M) 
and A G T>[[u}} we have, using (4), that J Au * v p = J Au ■ J p v p = 
j u ■ A p J p v p = j u* Jp l A p J p v p = j u* K p [A]v p. Thus 

(6) J Au*vp = J u* K p [A]v p, 

i.e., is the transposition of A with respect to the pairing (w, v) h- > 

f u * v p. The square of the mapping K p is the conjugation by the 
operator Q p , 
(7) 

k p [k p [A\] = j; 1 (j; 1 ^)' J, = J;\J P ) P A{j; l ) P J p = q^aq p . 

We need to show that Q p l — 1. It is easy to check that J p l = 1. Now 
it is sufficient to show that (J P Y p l = 1 as well. Using formula (4) we 
obtain for v G C^°(M) that Jvp = fl*vp = Jl-J p vp = J(J p ) p l-vp, 
whence the statement follows. 

Since for f,u G C°°{M)[[u]] and v G C c °°(M)[[i/]] we have / R f u * 
v p = fu*f*vp = f u * LfV p, it follows that 

(8) K p [R f ] = L f . 
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Thus J p 1 (Rf) t p J p = Lf, or, equivalently, 
(9) JpLfJ; 1 = (R f y p . 

For g G C°°(M) [[*/]] we obtain from (9) that (L g )* = ( J p ) P R g { J'% . 
Since i?/ commutes with L g we get that J p LfJ p x commutes with 
(40 WJ; 1 )^ whi ^ implies that A = ( J;%J p L f J~\ J p f p = Q p LfQf 
commutes with R g for arbitrary g. This means that A G C, i.e., that C 
is invariant with respect to the conjugation by the operator Q p . Thus 
the conjugation by the operator Q p establishes an automorphism of the 
algebra C. Since the mapping / i— > Lf is an isomorphism of the algebra 
A onto C, we obtain the following automorphism of the star product 
*> / l— QpLfQ^ 1 ^- = Q P f '• Here we have used that Q P 1 = 1. Thus 
Q p is an automorphism of the star product *. This is the modular 
automorphism of the deformation quantization A corresponding to the 
formal density p = po + vp\ + . . .. The following calculation shows that 
the derivation log Q p of the algebra A is a deformation of the modular 
vector field C°°(M) 3 f ^ dlv po H f on the Poisson manifold (M, {•, •}) 
corresponding to the density po, introduced in [18]. Here Hf denotes 
the Hamiltonian vector field corresponding to / with respect to the 
Poisson structure on M, so that Hfg = {f,g}- For / G C°°(M) set 
9 = (J^YpJpf = Q P f- Thus J p f = (J P Y p g and the function g can 
be represented as g = f + vh (mod v 2 ). For u G C^°(M) we have 
ju* f p = ju- J p f p = ju - (J P Y p gp = j g ■ J p up = j g*up. Now 



(10) 



J u*fp = J ufpo + u(^J C 1 (u,f)p + J uf p^j (mod i/ 2 ). 

Similarly, 
(11) 

J g* U p = j fup + u(^J Ci(f,u) + hup + J fup^j (mod v 2 ). 

Subtracting (10) from (11) and using that Ci(f,u)—Ci(u,f) = {/, u} = 
HfU we get that J HfU + hup = 0. Since f HfU p = — f u div po Hf p , 
we finally obtain that h = div po Hf which implies that log Q p f = 
vd\v PQ Hf (mod u 2 ). 

Let p and p = <fi p be nonvanishing formal densities on M. Denote 
ip = Jp 1 ^- For u G C°°(M) and v G C^°(M) we have, using formula 
(4), that f u * v p = f u * v ■ 4> p = fu*v*tpp = f u ■ J p (v * ip) p = 
f u • JpR^ p. On the other hand, f u * v p = f u ■ J p v p — J u • 4>J p v p, 
whence (fiJ p = J p R^ or, equivalently, 

(12) J p = ^JpR^. 
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Using formulas (2) and (12), we can express Kp via K p . For A E 

we have that K~ P [A\ = J^App = (<p~ l J p R^)~ l (f)~ l A p (p((j)~ l J p R,,p) = 

{R^Y l J- l A p J p R^ = (R^KpiA^. Thus 

(13) K P [A\ = (R^KplA^. 

Finally, we express Q~ p via Q p . From (12) we have that (Jp 1 )^ = 
<f)o (J^YpiR^Yp. Now, using formulas (2) and (9), we get 

Qp = (Jp%Jp = <t> o (J; 1 Y P (R^ 1 Y P o r 1 o j p r^ = 

(Jp l Yp( R ^ l Y p Jp R *l> = (Jp 1 f p Jp(L"^)~ 1 Jp 1 JpIU = QpiL^^R^. 
Therefore, 

(14) Q p = QpiR^y 1 ^ = Qp o Ad(V0- 

Formula (14) shows that the modular automorphisms Q p of the star 
algebra A corresponding to different nonvanishing densities p differ by 
an inner automorphism of A and thus define a canonical outer auto- 
morphism of A. This outer automorphism is an obstruction to the 
existence of a nonvanishing trace density. It was observed above that p 
is a trace density iff Q p = 1. Then, according to (14), all other modular 
automorphisms of A are inner. Now assume that the modular auto- 
morphism Qp is inner, say, Q p = Ad(x). Then formula (14) implies 
that if ij} — x then Qp — 1 and therefore p = (J p x)p is a trace density. 

For a given star product * and a nonvanishing formal density p on 
the Poisson manifold (M, {•, •}) the operator J p can be used as an 
equivalence operator with a star product 5 on (M, {•, •}) given by the 
formula f*g = J P (J~ 1 / * Jp l g). Denote by Lf and Rf the operators 
of multiplication from the left and from the right by / E C 00 (M)[[z/]] 
with respect to the star product *, respectively. Using formula (4) we 
obtain for any f,g E C°°(M)[[u]] and u E C£°(M) the following chain 
of equalities, Ju- L f gp = Ju- (f*g)p = Ju- JpiJp 1 / * J~ l g) P = 
J u * (J^f * 3^9)9 = J( u * J^f) * Jp~ l 9P = J( u * J^f) ■ 9P = 
I R J^ f u '9P = Ju- (Rj-i f Y p 9 P, whence 

(15) if = (Rj-^Yp- 

3. Natural star products 

Let M be a real m-dimensional manifold. Its cotangent manifold 
T*M is endowed with the standard Poisson bracket {•, -}t*m given in 
local coordinates by the formula 

Of dg dg df 



a 9} 



T*M 



d^ k dx k <9£ fc dx k ' 
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Here as usual are the fibre coordinates dual to the base coordinates 
{x k }. The algebra V of differential operators on M has a natural 
filtration with respect to the order of differential operators, C D\ C 
T>2 C .... The symbol mapping Symb r : T> r — > C°°(T*M) maps the 
operators of order not greater than r to the functions on T*M that 
are homogeneous polynomials of degree r on the fibres. The kernel 
of Symb r is XV_i. In local coordinates an operator X G V r with the 
leading term X J dj where J runs over the multi-indices of order r and 
d k = d/dx k , has the symbol Symb r (X) = X J £j. 

For two arbitrary differential operators X G V k and Y G V t it is well 
known that XY G V k+U [X, Y] G Pfc+J-i and 

(16) Symb^XF = Symb fe X • Symb^F, 

(17) Symb^QX, F]) = {Symb fe (X), Symb,(F)} T * M . 

A formal differential operator A = Aq + iMi + v 2 A2 + . . . G ^[[^]] 
such that the order of A r is not greater than r will be called natural. 
Denote by M the algebra of natural formal differential operators on 
M. Formula (17) implies that for any A, B E Af the operator ^L4, B\ 
is natural. Denote by g the pronilpotent Lie algebra of the formal 
differential operators on M that can be expressed as ^A where A = 
v 2 A 2 + v 3 A 3 + . . . , i.e., A = (mod u 2 ). 

Let Y be a closed /c-dimensional submanifold of a real n-dimensional 
manifold X and I Y C C°°(M) be the ideal of smooth functions on X 
vanishing on Y. Then the quotient algebra C°°(X,Y) := C 00 ^)//^ 
can be thought of as the algebra of smooth functions on the formal 
neighborhood (X, Y) of the submanifold Y in X. If U C X is a local 
coordinate chart with coordinates {x 1 } such that U H F is given by the 
equations x fc+1 = 0, . . . ,x n = 0, then C°°(U, U D F) is isomorphic to 
C°°(U fl F)[[a; fc+1 , . . . ,x n ]], where the isomorphism is established via 
the formal Taylor expansion of the functions on [/ in the variables 

Define the cr-symbol of an element A = A + + z/ 2 A 2 + . . . G M 
by the formula cr(A) = Symb (A ) + Symb 1 (A 1 ) + . . .. Such a formal 
series of homogeneous functions on T*M can be treated as an element 
of the algebra C°°(T*M, Z), where Z is the zero section of T*M. The 
Poisson bracket {•, - } t *m can be transferred to C°°(T*M, Z). We will 
use the same notation {•, - }t*m for the bracket on C°°(T*M, Z). Since 
Z is a Lagrangian manifold in T*M, the ideal Iz C C°°(T*M) is closed 
with respect to the Poisson bracket {•, -}t*m- Set = C°°(T*M). It is 
easy to check that for any n > we have the inclusions {/§, Iz}t*m C 
Therefore the formal functions from C°°(T*M,Z) that vanish 
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to second order on the zero section Z form a pronilpotent Lie algebra 
f) := Iz/If w ith respect to the Poisson bracket {•, -}t*m- The formal 
Hamiltonian vector fields of the elements of f) can be exponentiated to 
formal symplectomorphisms of C°°(T*M, Z). 

Introduce the a-symbol mapping a : H — > C°°(T*M, Z) that maps 
natural operators to their cr-symbols. Notice that the kernel of the 
mapping a is vM . According to formulas (16) and (17), the mapping 
a : N ' — > C°°(T*M, Z) is an algebra homomorphism such that for any 
A, Be AT 

(18) a (±[A, B^j = {a(A), a(B)} T * M = H a{A) a(B), 

where H^a) is the (formal) Hamiltonian vector field corresponding to 
the o"-symbol of the operator A. 

For a natural operator X such that X = (mod u 2 ) its <7-symbol 
&{X) vanishes to second order on the zero section Z of T*M . According 
to formula (18), the mapping q 3 ^X i— > cr(X) defines a Lie algebra 
homomorphism of Q to f). 

Consider the action of an invertible formal differential operator B e 
V[[v\\ on V[[v\\ by conjugation, V[[v\\ 3 A ^ BAB' 1 . 

Lemma 1. (i) If B is a natural formal differential operator, its action 
by conjugation leaves the algebra M of natural operators invariant and 
it induces the trivial action on the a-symbols. 

(ii) If B can be represented in the form B = exp \X, where X is 
a natural differential operator such that X = (mod u 2 ), then the 
action of the operator B by conjugation leaves the algebra M of natural 
operators invariant and it induces the action on the a-symbols by the 
operator exp H a (x) , where H^x) is the (formal) Hamiltonian vector 
field corresponding to the a-symbol of the operator X. 

Proof, (i) Since a{\) = 1, we see that a(B^ r ) = (a(B))~ 1 . For any 
natural operator A E M the operator BAB' 1 is also natural and 
a{BAB- 1 ) = o-{B)a{A) (cx(B)y 1 = <j(A). 

(ii) Since X = (mod u 2 ), for any formal differential operator A e 
T>[[u]} the series 

BAB ~ l = zZ-A-^ x )) A 

is z/-adically convergent. It follows from formula (17) that if the oper- 
ator A is natural, then the operator (^&d(X)) n A is natural as well. 
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Formula (18) implies that 

a(j^ad(X)j A) = (H a{x) ) n a(A), 

whence 

(19) aiBAB- 1 ) = (expH a(x) ) a(A). 

□ 

It is well known that all the explicit constructions of star-products 
enjoy the following property: for all r > the bidifferential operator 
C r in (3) is of order not greater than r in both arguments (most im- 
portant examples are Fedosov's star-products on symplectic manifolds 
and Kontsevich's star-product on M ra endowed with an arbitrary Pois- 
son bracket). The star-products with this property were called natural 
by Gutt and Rawnsley in [10], where general properties of such star- 
products were studied (before these star-products were said to be of 
Vey type). 

A star-product * on M is natural if and only if for any /, <? G 
C°°(M)[[v\] the operators Lf,R g are natural. It turns out that for 
a star-product * to be natural it is sufficient that Lf G M for all 
/ G C°°{M)[[v\\ or, similarly, that R f G N for all / G C°°{M)[[u]]. 

Proposition 1. If for any f G C°°(M)[[i/]] the operator Lf of a star- 
product * is natural, then the star-product * is also natural. Similarly, 
if for any f G C°°(M)[[z/]] the operator Rf is natural, then the star- 
product * is also natural. 

Proof. We will prove the first statement of the proposition only. Fix 
an arbitrary formal function g G C°°[[z/]]. For any / G C°°(M) the 
operator Lf = f + vA\ + u 2 A 2 + . . . is natural and commutes with 
R g = B + uBi + u 2 B 2 + . . .. We claim that the operator R g is also 
natural. Since [Lf, R g ] = 0, we have for each n > 1 that 

n 

(20) [B n ,f\ = Y,[A k ,B n _ k \ 

k=i 

and that B commutes with the point-wise multiplication operator by 
an arbitrary function, whence it is a multiplication operator itself. Now 
assuming that the order of B r is not greater than r for all r < n, we 
get from (20) that this is true for r = n as well. The statement of the 
Proposition follows by induction. □ 

Let * be a natural star product and p a nonvanishing formal den- 
sity on the Poisson manifold (M, {•,•}). Define a star product * on 
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(M, {•, •}) by the formula f*g = J p (J p 1 f * J p l g). We see from formula 
(15) that the operator Lf is natural for any / G C°°(M)[[z/]]. Thus we 
obtain from Proposition 1 that the star product * is natural as well. 
In [10] the following important theorem was proved. 

Theorem 1. (S. Gutt, J. Rawnsley, [10]) If an equivalence operator B 
of two natural star products on a Poisson manifold M is expressed in 
the form B = exp \X , where X is a formal differential operator on M 
such that X = (mod u 2 ), then X is natural. 

Theorem 1 implies that the equivalence operator J p of the natural 
star products * and * can be expressed in the form J p = exp ^X, 
where the operator X is natural and X = (mod v 2 ). Therefore the 
mapping N 3 A \— > J p AJ~ x is an automorphism of the algebra M of 
natural operators. It induces via the cr-mapping the automorphism 
of C°°(S,Z) by the operator expif^x), where H. a (x) is the (formal) 
Hamiltonian vector field corresponding to the cr-symbol of the operator 
X. Now let p be another nonvanishing formal density on M. Then 
p = <f) p for some invertible formal function G C 00 (M)[[z/]]. Formula 
12 and Lemma 1 imply that the conjugation via the operators J p and 
J p induces the same mapping on the cx-symbols, which means that the 
automorphism exp H c ix) is independent of the choice of the density p. 

In [11] we associated to each natural star product * on a Poisson 
manifold (M, {•, •}) the mappings S,T : C°°(M) -> C°°(T*M, Z) such 
that for / G C°°(M) Sf = a(L f ) and Tf = a(R f ). It was shown that S 
is a Poisson morphism, T is an anti- Poisson morphism, and that for any 
f,ge C°°{M) Sf = f (mod £),Tg = g (mod 0, and {Sf,Tg} T , M = 
0. The mappings S and T are induced by the formal Poisson morphism 
s : (T*M, Z) -> M and anti- Poisson morphism t : (T*M, Z) -> M, 
respectively. Denote by M a copy of the manifold M endowed with 
the opposite Poisson structure. Let the manifold MxMbe endowed 
with the product Poisson structure and Mdi ag denote its diagonal. The 
mapping S <g> T : C°°(M x M,M diag ) -> C°°(T*M,Z) is therefore a 
Poisson morphism. If M is symplectic, S <8> T is an isomorphism and 
thus the dual morphism sxt : (T*M, Z) — > (M x M, M diag ) is a formal 
symplectic isomorphism. The formal manifold (M x M, Mdi a g) is a 
formal (pair) symplectic groupoid. Hence (T*M, Z) can be thought 
of as an isomorphic formal symplectic groupoid for which s and t are 
the source and target morphisms, respectively. The inverse mapping 
of the pair groupoid M x M that maps (oc,/3) G M x M to (P,oc), 
induces a formal antisymplectic involutive automorphism of C°°(M x 
M, M diag ) and, via S®T, an automorphism / of C°°(T*M, Z). We will 
give an independent definition of the automorphism / that remains 
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valid in the Poisson case. Denote by E : C°°{T*M,Z) -> C°°(M) 
the composition of the identification mapping from C°°(Z) to C°°(M) 
with the restriction to the zero section Z of T*M. Notice that for 
any / G C°°(M) E(Sf) = f and E(Tf) = f. (If * is a star product 
on a symplectic manifold, E is the unit mapping of the corresponding 
formal symplectic groupoid.) 

Proposition 2. Let F G C°°(T*M, Z) be a formal function such that 
E(F) = 0. If for any function u G C°°{M) {F,Tu} T * M = 0, then 
F = 0. Similarly, if {F, Su}t*m = 0, then F = 0. 

Proof. We will prove only the first statement of the Proposition. In 
local coordinates expand the formal functions F and Tx k in the series 

oo oo 

F(a;,0=X>n(z,0 and Tx fc = x fc + ]T T„ fe (x, 0, 

n=l n=l 

where F n and are the homogeneous components of F and Tx k 
of degree n with respect to the fiber variables £, respectively. Since 
{F, Tx k }r*M = for all k, we obtain that dFi/d^k = and 

9F n _ / dFj dT k _ t dT k _ t OF, 

d^ k " j-f \d£ p dxP di P dx\ 

for all n > 2. Since Fi is homogeneous of degree 1, we see that i*\ = 0. 
Assume that Fj = for all i < n. Then it follows from formula (21) 
that dF n /d(,k = for all k, whence F n = 0. The statement of the 
Proposition follows by induction. □ 

Corollary 1. Let F G C°°(T*M, Z) be a formal function such that 
E(F) = f G C°°(M). If for any function u G C°°(M) {F,Tw} T * M = 0, 
£/ien F = Sf. Similarly, if {F, Su} t *m = 0, then F = Tf. 

Proof. We will prove only the first statement of the Corollary. Since for 
any functions u, v G C°°(M) the formal functions Su and Tf Poisson 
commute, the function F — Sf is such that TJ(F — Sf) = and it 
Poisson commutes with Tu for all u G C°°(M). Therefore, according 
to Proposition 2, F - Sf = 0. □ 

Let * be a natural star product on a Poisson manifold (M, {•, •}) 
and -B be its automorphism. It follows from Theorem 1 that B can be 
represented in the form B = exp ^X, where X is a natural differential 
operator such that X = (mod z/ 2 ). 

Proposition 3. For any automorphism B = exp ^X of a natural star 
product * on a Poisson manifold M the operator X has a trivial a- 
symbol, cr(X) = 0, and therefore the action of B by conjugation on 
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the algebra Af of natural operators induces the trivial action on the 
a-symbols. 

Proof. For f,gE C°°(M) we have that B(L f g) = B(f*g) = Bf*Bg = 
LgfBg, whence BL^B~ X = Lsf- On the one hand, a (BLfB^ 1 ) = 
(exp H a (x)) &(Lf) = (exp H a (x)) S f ■ Since B = 1 (mod u), we see 
that Bf = f (mod v). Therefore, on the other hand, a (Lb/) = 
a(L f ) = Sf. Thus (expH a(x) ) Sf = Sf for any / G C°°(M), which 
implies that {a(X),Sf} = H a(x) Sf = 0. Since X = (mod z/ 2 ), it 
follows that E(a(X)) = 0. Using Proposition 2 we finally obtain that 
a(X) = 0. ' □ 

Proposition 3 implies the following rigidity property of the equiva- 
lence operators of natural deformation quantizations. 

Corollary 2. //* and * are equivalent natural star products on M and 
Bi, B 2 : (C°°(M)[[i/]],*) -> (C°°(M)[[i/]],*) are equivalence operators 
of these star products, then the action of the operators B\ and B 2 by 
conjugation on the algebra J\f of natural operators induces the same 
action on the cr-symbols. 

Now we will consider the transposition of natural operators on M 
with respect to the pairing (1) for some nonvanishing formal density 
p on M and the induced mapping on their a-symbols. The mapping 
e : (x,£) i— > (x, — £) is a global antisymplectic involutive automorphism 
of T*M. It induces the anti-Poisson automorphism e* of C°°(T*M, Z). 
For a differential operator A of order r on M its formal transpose A l p 
is also of order r and its r-symbol is expressed via the r-symbol of A 
as follows, Symb r (A*) = e*Symb r (A). Therefore, if A e M is a natural 
operator on M, then so is A* and a{A t ) = e*a(A). It follows that the 
mapping K p G End £>[[*/]] such that for A G V[[v]] K p [A] = Jp l A p J p 
leaves invariant the algebra M of natural operators and induces a well- 
defined mapping on the a-symbols that is independent of the choice 
of the density p. Represent J p in the form J p = exp ^X and denote 
I := exp (-H a(x) ) o e*. Then for A G M 

(22) a(K p [A]) = (exp (-H ff(x) ) o e*) a(A) = Ia(A). 

Theorem 2. The mapping I is an involutive anti-Poisson automor- 
phism of C°°(T*M, Z) such that I o S — T and I oT — S. 

Proof. Involutivity of / follows immediately from formula (7) and Pro- 
position 3 applied to the modular automorphism Q p . Passing to the 
a-symbols on the both sides of (8) and using formula (22) we obtain 
that I oT — S. The identity I o S — T follows from the involutivity of 
/. ' □ 
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Theorem 2 has the following obvious corollary. 

Corollary 3. If * is a natural deformation quantization on a sym- 
plectic manifold M , then the mapping I is the inverse mapping of the 
corresponding formal symplectic groupoid. 
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